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INTRODUCTION

.,,,. . .: .,?’‘,, .,
.... .. ’,,

The $qqe~ular ,motion&j ~allsd,,ttirbu~encg, play’,a
prorniqqnt, pqrt in all, technically important flow phenome-
na. Turbulqncej:. on:the oqe hand? .is the cause ~f’”unde-~
sirablq flow resigtaqc~~ while, on the othek hand’i it has
the very useful:.characteristic ,of increasing.th8 pressure
in the currents. .The.control of these phenomena is very
important for the’,flow, specialist. Numerous researches
have therefore been, r?cently undertakbn”fgr the purpose
of discovering the laws of ,turbulent flow. In the” present
article an attempt is made, to. reviqw, the ~ok~ important,,,re-
sults of these researches.” Relations ofimmed~ate practi-
cal interest are discussed.

The first two, sections treat of two prominent ques-
tions,, pamely, the origin of turbulence and tk.e character-
istics of turbulent currents, “In the third. section con-
clusions are drawn for the flow alorig,a rough mall, wher6-
by an.,important relation for, the velocity distribution is
revealed. The principles are also-applied to straight
rough” and, smooth tubes. Here it was.possible to develop.
formulas” for flow velocity afid”resistan’ck, ’which shoti,ex-
cellent. agreement with the exp,%riment~, “and which also iti
contrast with previous pur”ely empirical’ formulas, hold;
good for”very large, lteynolds.~umbers for whigh’no’ experi-
mental data are ,a,vailabie. The peculiarities ‘in ‘tubes
with ”fine-’grained roughneks at moderate Reynolds”’Numbers
are represented b~a single curve. Test “results with ”arti-
ficially r“ou~hened.t.ubes are given and’”confirm the”,”relation-
ship mentioned.

,:. .
,:. :,..”.,

‘llNeuere Ergebnisse der Turbul,enzforschung. 1’ Zeitschrift
ales.Vereinesdeutschek “Ingenieure, .v’01.7, no. 5,,.February
“4; 1933, pp. 105-114. . - . , .,.. ~~../..,:
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The results obtai”riedwith tubes’ a’re”a-pplied to the
resistance of plates to’ a longitudinal flow. Moreover,
the characteristics of the flow in wide and narrow and
curved chann”e”ls, as likewise the mixture phenomena of
fluid currents with surroundinjg’’filuids and also the phe-
nomena behind moving %odies arb considered, Lastly, newly
discovered relations between the turbulent exchange of ve-
locity and heat are considered, and new conclusions are
drawn regarding the finer details of turbulent flow.

During the last decade the investigation of the ir-
regular uiixing motions. which are called turbulence and
which affect all technically important flows, have been
especially” thorough and fruitful. These mixing motions
produce effects, .as if”the viscosity of the flq~id.’were i~-
creased a hundred or ten thousand fold or even morei’ This
circumstance causes the great’ resistance of fluids in
pipes, the frictional resistance of ships and a~rships and
other undesirable resistances, but also “the possibility of
increased. pressure in diffusers or along airplafid wings
and blower vanes. ‘Without turbulence, separation ‘would oc-
cur in these cases, so that there “would be only a small re-
covery of energy in the diffuser and impaired efficiency
of wings or vanes.

,..

.. “The investigation consisted of a determination of th~.
numerical data and their systematic arrangement . General-
ly the investigation was ‘not carried to an actual theory
(which: is.very difficult), but the results help to “support
theoretical conclusions, Often dimensionsa.1 considerations
together with inti~itive insight lead to important conclu-
sidn’s~” If,’ e..g. density (i.e. inertia) and viscosity are
the only determinative properties of’the fluid for the phe-
nomenon, one’ is led to a Reynods Number = density/viscos5ty
X velocity X length (Re “= vZ/V, inwhich v is the likine-
matic viscosity” ,“i.e. vis’cosity/den6ity’) . If Reynol”ds
Number “has “the same ntimerical value in two cases, we may
expect exactly th’e same course in both cases, onlF with a
different length and time scale according to circumstances’.
In individual cases the application of this “rule may, how-
ever, require consideration as to which velocity “and
which. length is,actually determinative for the,process.

There ar&”t~O main questions which were investigated.
theoretically and experimentally:

1. How and. under what immediate conditions does tur-
bulence originate? ‘-6

5
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#,.. .
,. ,, 2. What can be said”.regarding turbulent motion, par-

tlctilarly rkgyrding the.”~tieariyalues.,of. the velocltleo and
‘*:<~rc=e_sj2C, ,. ,.. , , ,..

,,. .
-k..-,,..—.: +—.’ -.” ,.

‘..... ... ...!,,-.‘..:; .’
.’The ti”ecokd:queGt.i’ori’:6 ‘ob~io~.!aly.,th”e more .Irnportant

o:ne?““fromth’e-technical viewpoint . ,,. ,“ ,. ,..
.,::;..,,:,.:,’,,, . !.,

,,.. ,,... \.:,i:~.;..,-. ...,. . ‘.
,’..’.,.,;;....-, ... .,..”. .“ 6RIGIN ‘OY TURBULE-NCE .‘: ..,,.,.,

.“..;: .,. ,,. -..’’... . ,“’
,.!. ,., :.,:’ ..,,. ,“”, ;...

Regarding the first question I can” be”’quite brief,’
both because I have recently expressed myself on this sub-
ject (reference 5] and because there is here much that is
still in doubt.’”::”The most important fact is that turbulence
always occurs when the velocity profile shows a turning
point (fig. 1) andwhen the viscosity effects are not too
gretit. Any”flow wi,th such a velocity profile is unsta%le
in the absence of fluid friction, i. e. small deviations”
in’magnitude and direction increase of themselves and cause
a complete reve$sa~ of the flow. An or%ginall~ slight wave
in the streaml-ines leads gradually to the production of
tliriitilencet’hro~gh the topplirig over of the wave,s. :’TlxesQ
phenomena can be delayed by-strong viscosity effects.

,-,.,.
,,.

Tn’is indicates that the tendency to become tubulent “
depends ‘on the magnitude of “the Reynolds Number. Velocity
profiles with tuini,ng point occur, e.g. in the boundary
layers produced by “viscosity effects, when the pressure ifi-
creases i’n the “.di’rectionof’ flow or, in other words, whe,n
the flow is retarded.”, Such points in the.fluid, therefore.
have a“strong tendency to become turbulent,. but even the
unaccelerated rectilinea~,,flow a’.lopga wall tends to become
turbulent at a si~fficiently” ”large.~eynold6..Number. This
can b~ explained”’ by the fact. that the inflow ,ia qever abso-
lutely und.isturbbd and that, there a~e,always some. lrregu-
larit~es” in the velocitjr dis,trlbut$on,, Unstablp,velQcity.
distribut~ofiS6 largely. due’ to og>y” slightly damped turn-
i,ng motions with axes paiallel to’the dire.ction.of flow.
Such turning rnotionsdirect “some porti6’ns”.of the.fluid a-
gainst the wall ”and “other portiods ’,atiayfrom it, so that,,
even. at low veloc$ty”, with the l~”ps& oftirne, .pbqt$ona hav-
ing a lower velocity become interspersed with portio~s:hav-
in.ga higher velocity, “thus nece~sarily” p’rodudihg. instabil-
ity. ... . .,,.i.:’...! ,’ ,.....’...-

Th6re,’is ‘sti’11andther
c

.. ... . .- r“.. . .~:,.;-,
,., ., ..+;...:., .. :.,. .

.“
. . .

... ,. .’?

‘:tiau”se”:oftur’bu~tirice,‘which was
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diBdo~:~red:””in“:~~~~eoret i.cAl,,.rna.fiap.r”.::[.rp$e~&n~is,’:2~““3J“did .::
--4)::{a.n.d,,y~:~.ch:’ca~l‘“.fdr “Epet.iiil :-cons ld?~~f ion,:~~pri‘tid.F6:’ ‘“.,
ar.~;.qigne..p.f,~h,+“~hove-mentioned.~ d,istur.bances.. ~n the.:~low

~‘A.l.omgfa;w:t+,$t”“th~rk ,oc.c~~r”cert a iii:‘s3p.w.dis:~rib@pc@@ &iiiCh:
a~o.vp.,a,~~r.ta“in~$!~it.ic-”&l’!R6yn”o1ds:Num@ er:,.:i,Qcrka,s.b””in”::‘ ~
S-t.r,:ength~,an~d’thus pro“”@ce “in”:~he ir. r@&rjd~ dy z“q,”~”’es,:,,,a“fj,k”r:’
th:e~ir~a~p~l,i,t‘ud.-ekha.v& :b6come gr!=$ enwg$,. t.h-eti~-e.1iPifi”:~ry
e.onid:itiick~.for” tu’rbulenc’e. ~t i.s~wa.rthy,.“o$.“note.’thatthe.... .,
cri’t:i:ca-l:.Rey,n~oldsNu.qberii.$’.o”r*:WO .di”fferent cases, a s de-”
term~npd t“hqor:etfcall~ bY Tollmien (Pe:erence 4) and
Sqhl~cht.ing .f,:eferetid,e’”6}, “a.fie,.in::go.oclq.g,r.eem”etit@ith the
experimental values. .. ‘

.,. .
Experiments on t,he.Production of. Turbulence”

.“. ,,..,.

.,. ,.
~ In order to obtain moie light o.n this .quest.ion, we,

investigated the prodllct ion of turbulence by e’ipektments
in channels 20 “c,m(7.87 in. ) wide and 6.m. (19.68, ft. ) long.
Though ‘we proeee,d,pd with .g.restcare, we found it impossible
to el.imip,ate all, th:e,di,istit~b~nces:):,SO tha,t‘here.,and there .
nuc le i.@ .turb~l”e~nt-rnpt“icin’“da”velape.din..‘i.rregul’ar””s“ti”cc6s-,.. ,
sl’on(~nd.,:spre,ad” .qtiite”r-a~id”ly’i :.,: : ,,~. ~ , ~ ,“ ; .

..,........,., ...... . ,.. ,
“.,.Cl,ea.rer:p i,c.tures were ‘“obt.aigeil by ..p:~rpo’s”ely~ni tiAt ing

,..

a -&i-st,ur.ban,c,e in the fl’cm,’aS~ ““,ei.g t,by,.,ad,ding’or removing ,.
a .:l.$tt.~-e,wat’er“’~hiough ~~sm~ll pi.eca ,o.f,,:s,cre’6riitiginscrte:d
in.the.~wall. ~~lfi‘the.”first case; when”. a :8ma.11 amount of’ ‘.
-wa,ter.L,.,~qt yet paiticipatirig:in: the f>ow, i,s thrust between
the, wall-and the,,moving mass, instability is immediately
prodq.c~eda,n.d}ur~ulenc? develops” at. the, p~int of e,ntranGe.
The: amo.uq,t.of w~t.ei.introduced”. ma.y~be, Ve:cy small,. In the:
second case. the &reatQ:st d%stur”bance, o~c.urred” in.the por -
t-iow.of :t@.?,,‘f~”osvingwa%er o.pp~si.te,the. s’cre”en.at’‘the ‘be-’
ginning ..o,:ftie remo”val’”’bysli.ction. :.,Behind..this point the
thi”ck.qe:es.of.$’he’bo’uqd’a’ry‘l:aye”r.was reduced by the suet ion,
and”the. innqr””~po~t.ilon“of””the mater flowiug. past the bound-
ary :~ayer had t’lierefork to””f.lov over a“so.rt of Step from”
the thinner bouadary layer to the thicker layer OD the
down~tream side of the screen. This created enough of a “
disturbance to cause the disintegration of the boundary
layer in a shor”t time. Figuie 2 S50RS this effec”t and “the
further develop”inent of the turbul-ent region-.

The flow was rendered. visible by scattering aluminum
dust on the ‘surfa”c.’eof the we,t”er. A siowly operating mo-

,J
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tion-pi.cture, chmera’was mourited on~a..car which kept pace
with the flow so” that the same group;of vortices.remain,ed
in the:f.i,d.l.dof .-thecame,ra.i.”’a>. In’-the--~op pi&t.ure-..the.,ob-
lique etreamlinesat the ~eft show the location of the suc-
tion point, “while the formation .of.,the first vortex In.the

i.~ middle iridicates-the Ipdation of..the ‘18tep.li
$“

Other.vorti-

~
ces developed on the upstream gldq. Ixi the last p~c.turw:
“the original ’.voitek,is showri at the extreme right. It is,

t“
evfdent tliat‘it”carried whter from the boundary l,ayer.; s
(whfch was purposely strewn rnor.gthickly with aluminum .
dust) far “i,ritothe ‘int,erior o,f the flOw. :

.. . . ..,

‘CHARA6TERI’STICS OF TU”RBULEKY CURRENTS : “

We will now con’sider the lQWS, of fully developed; tur-
bulence. The rne’thodof presentation which I shall employ,
does not’ f’ti:llowthe historical development, hut i,si,ntend-
ed to sh;o”w’the present status all the more palinly,. 1,
shall begin with a statement, regarding the .behavior,.of an
ideal fluid without viscosity. In reality the.r:e.is.no
such fluid. but it” is: of a“dvan’tage for many cons.ideratiotis
to know ”what would “oc”curin such a“n ideal fluid, beqayse,
the laws of the’ ideal””fluid “(due to the,absence of viscosi-
ty) are simpler-’than those of an actual fll~id. .:

According to our previoile etat~ments the tenden~y to
cfi,,easesor,” in oth~’i w“tirds,as the viscosity decreases,.
(tthd~~ otherwise:lfke conditiog$). At. the .zoro,:limit of
vi%i~dsity the Reynolds Number ”obviousl~ .hec,ofiles.,infinitei,
necessitating the c oriclusion that the f~ow.of .an,ideal ..::,
fluid would :gentirallybe turbulent. If it ””is,.also~+s.sqmed
that’ the bodi”es or walls, past which ’flie”flvidf+ows, are
mathematically” smo”tith,the “surface friction would also be
zero ‘and ‘ti.e.woul”d’”thus’otitain the theoretical behavior of
the ideal fluid, .ss statedin old textbooks on hydr,o+.yne.,m-”
its;. If li~weveii tli”e-surfaces”areiough, it may be ,as~umed
that ari”aiea of ‘separation devdlo~s at e~.ch ind~vi”dual ““
point of roughness, however slight:,= The ‘flow ~thns acquires
----——-—---—___ ----—- ---—+- _—_.___—.__--—______ -.-,---~-——- -----
21n Slight””l.yVISCOUS fl,uidss & regwiar separation of the
flow occurs on projecting parts of”.the wall. In, the .limit-

:Y ing ‘trarieM’io XIt01~tfanfsh.:n~~cj~;s,rcqsiLt:V~:(‘H~lm:h.o+t+:-@,@parat,i,m:n
sur fd%”e%?a-r’e:‘d’’ev:d~op’:d’d‘wit’h‘fin-ito vel0“’city jumps.

.

1
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a turbule.n$ character ...i?bdmthe mutual effect of the various
small areas of separation which are unstable in themselves
and ,have:.a d.ist.mrbing,.effect on one axiother. At each rough
spot a pressure difference develops “between its upstream
and downstream sides,” thus pro,du,cing a iesistance”which, is
proportional to the square of the velocity.

.From. .this cons”ide.ration it may be assumed that it is
permissible to make theoretical assumptions regarding the
laws, of turbulence, in which the viscosity of the fluid is
put at zero. The following considerations clearly show
that we are thus on the right track and that, as a matter
of fact, the turbulent resistance in the interior of the
flow is practically independent of, the viscosity. In a
thin layer near the wall, however, th6 effect of the vis-
cosity persists, provided ii-is not concealed by the ef-
.f.ectof great roughness.

We will briefly explain a conception which has’ been
found useful for the more accurate investigation of the
turb”ule~gt mixing processes. This is the “so-called limix-
ing path,ll,.which plays a similar role in turbulent mixing
procesees to that played by,the mean free path in the mo-
lecular difftis~on of gases. In both these precesses’ shear-,
ing. stresses (or apparent shearing stresses) are ‘developed
by the continuous interchange of energy between fluid lay-
ers $>owing parallel to one another at different velocities.
The following aimpl,ified representation can be made of,.
these really quite complex processos.

It is assumed that any particle, which, by collision
with neighboring particles, acquires a motion’ crosswise to
the flow, has, in the direction of flow, the mean momentum
of ,the layer from which it came. and that iti now traverses
a distance I crosswise to the flow, before it collides
with other particles or mingles with them. Such exchanges
occur in both directions, and thus the faster layer re-
ceives particles from the slower layer, which naturally re-
tard. the formert and, conversely, the slower layer receives
par.title.s from the faster layer with” an accelerating effect
on the former.

. .

The effect of the two fluid layers on each other is
therefore the same as” if there were friction between them.
The difference between the molecular processes and the
turbulent processes is due only to the fact that, iiione
case, the individual molecules, and, in the other case,

1)
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whole groups of molecules participate in the exchange”. If
u is the velocity of the flow and .y.’the.coordinate in
~~e”’:direction, a,t.,right angle.s:.to,tl~s.f.low in-which the~
-cli:angein velocity, ,qccurs,~~ the difference between the veloc-
..~:tfe’~of ‘the ,,ttiolayers,, separated by the distance t, “fs

g’
.’t:r.’(dti/”dy)i;T,lI~So,acc,ording to what. precedes, is ‘also t“he

F
“Vel:oc’’ity:di”f’f?.r”en”c”e.o”fa .par~icle whi,ch,,.coming fro”m th”e

In -,o;t~ie”:r‘“l’aj.e”r’orn~~gles an,e,wwith its present: environment ..,.~y
..... .....,., .,.”‘} .-., s: .,

f‘~
‘:ZII,‘or-der~),to‘determine. t,he magnlt.use “of the fribtlonal

,,
,J., .,.”..... .;,
‘, f.okc+ or, Gore accurat,.?,lystated, the shearing stress be-,,

t’weeii-“the’“tw:o”:layers , we must know the. magnitude of the
m’ass:~’kxc’fiahgeil“per second .“ This, as re.f.errsdto the unit

~~ar’6a,scan, be expre. ysid””by,the” product ,of the densit’y.
p’(+l&) “and an exchange velocity V$. In the case of the
molecular motion, this velocity is proportional to the ve-
locity of heat, transfer. Siqce the: latter is one third
each along thb ‘:x, y and~z axes and since, in our 6xample,

in first approximation, VI .=we can put, c/3, where c
is the mean velocity of the heat transfer. Hence. the shear-
ing st.ress~ .

(1)

In the case of the turbulent exchange of masses, the’
velocity vt should naturally be taken of the same order
of magnitude as the difference in the velocities” of the
two layers at the distance ~ from each other, since the
fluid masses collide at velocities of this order of mag-
nitude (references 8, 9, and 10). On eliminating the un-
known numerical factor v!,, ye, thus obtain the shearing:”
stress . . , ., :... .

.=p(i$)a (2)

The elimination of the numerical factor only denotes a
somewhat different definition of ~ . In this way wo ob-
tain, for the simple viscosity effect, shearing stresses
proportional to du/dy and, for the turbulent exchange
(whereby the effect of viscosity is disregarded) , shearing
stresses proportional to (du/dy) 2, which is in good a-

.., greement with the hydiaulic resl-etances ~ro~ortional to the———---.——-—-———————- ——-— ——— —-- ———————— ——- -- -----——— -—7-
33y ,a ,rno.re,accu?qt e .,.c,~lc:ulation, Bolt zmann found~’ for the “
visco.s”ity “’q,the value “’q= 0.3503 p c 2, which differs
but li”ttle from that in equation 1.

L
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square of the velocity!
.. .

4“”~ith.’f”ormula”’2 the problem .of the hydraulic flow re-
sistances i,sbrought bacl.:to the.other:.problem of the dis-
tribiition, of the mixing path ,1 in the..flow. So long as
w“e have no .rat.iona,ltheory. of turbulent flow which deduces
the,,laws of turbulent:,phenomena from hydrodynamic d.iffer-
‘ential equations, ~e.have to. obtain th~ data regarding the
distribution of the mixing path by experimentation, .so.that
oniy one unknown quantity is thus replaced by anothar. Nev-
ertheless, considerable progress has, been. made, since it
“h”a,sbeen found, at least for the larger Reynolds Number’s
(from about, 105 up) that, the mixing, path is practically
independent of the magnitude of the velocity and is, more-
ov”er,’.subject to quite simple rules: for its distribution
in space.

.Dimensional ”considerations often furnish useful in-
dicoartions. I?or exampl=,s in .consid.ering the flow near a
more/less smooth flat wall, onL the assumption that neither
the viscosity nor,the roughn”ess/of the wall has, any appre-
ciable effect at the point under consideration in the in-
terior of the fluid, we are in a position to make a state-
ment regarding the distribution along the mixing path. For
a point at the distance’ y from the wall there is no other
characteristic length than this distance y. The mixing
path t $s also a length, so that there is no other pos-
sibility than to put the mixing path proportional to the
distance from the wall:

,..
~. = Ky.

Here K is a universal numerical coefficient, which can
be determined experimentally. If we assume a state of
flow in which the shearing stress T is constant, we ob-
tain

according to equation 2, and therefore

(3)

Such a velocity curve, dependent on the distance from tfie
wall , is quite like the one-actually observed (fig. 3).,. . . ,1,

... . ,...



I
i Comparison with the experimental results yields the number
- 0.4 as the approximate value of K.,.

.,
I

L I?armants Theory1,
., .. .

Vo.n Karman ,(refe.ren,ce12) assumed t“h~t’‘the turbulent
mixing proce,s,ees are the. same in all cases, so that only
variations in the,”length and time scales occur from case
to case and from place to place in the fiow.. Under these
circumstances the eff,eq~:s,of viscosity are ~regarded as ne.g-
ligi,b-lein comparison with the effects o~ tqrbulen’ce. Con-
clusions are now d“rewn froti Zulerls equations regarding
these two scales, the first o’f which o“cviously agrees in
principle with our ‘mixing path 1. The velocity u of the

(. basic flow, which is assumed to be a function of y alone,
is determined from a Taylor series interrupted after the
quadratic term. The mean forward velocity of the l:article
under consideration has no immediate effect on its inner
motion. Of the given quantities therefore, only du/dy and
d~u/dyz need to be considered here. We first have a t5me”

.,T - 1/ ~~

as the time criterion for the period of the mi~ing process.
For dimensional reasons, the interference velocities 1].I
in the X direction and v~ in the Y direction are therefore
pr”oportiomal”to” L/T, i.e.

.

wb.ich agrees with the previous formuias. “For ‘the longitu-
dinal scale of the mixing process, Von Ka”rman finds the re-
Ia.tion

. .

in which K’ is a constant determined experimentally.
This expression-of Karmanls theor;~ goes beyond. previous..
expressions because it furnishes,a methcd fcrcalculating
the rnagnitude,of the mixing pe,th independently of the dis-
tance from a wall. If this expression is tn<roduced into
equation 2 and integrated on ,the ass-~mption of a constant
shearing stress in t-ne region under consideration, we ob-

,,
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tain .

1
u=-’ K@ln(y+ Cl) +Ci] (4)

i.e. practically equation 3 agatn. The required agreement
with the experimental results obviously leads to putting
K1 =. K. Hence both formula$ yield. the same velocity dis-
tribution in case of constant shearing stress.

There is no longer any agreement regarding the shear-
ing stress in the other assumptions. Moreover, the formu-
la 1 =, lty ,is without any valid basis, since, due to the
variability of the shearj.ng s.t”ress,a still further length

@~ is available; but even Karman.~s formula

1
du d2U

/= K dy. d Y2
.. —

here means only another estimated approximation, since it
was obtained by disregarding the effect of d3-a/dyZ and
higher terms in the series developm~nt for u. In the
case T = constant, the two solutions coincide, because
the velocity distribution, according to equation 3, is trans-
ferred by changing the integration constant, in case the
shearing stress T remains unaltered, so that there is
here also a pronounced sifiilarity with the basic flow.

From eq.uati.on 3 it is easily seen that the quantity

d+ iS a ~e~ocityg This velocity is very valuable for
various similarity consider~tions in what follows. We will
therefore designate it by V* and call it “shearing-stress
velocity.” The formula T = pvx 2 is of similar form to
that for the dynamic pressure

which is comprehensible for dimensional reasons, since the
shearing stress is also a force per unit area. The appar-
ent shearing stress T of the turbulence is generally very
small as” compared with the dynar,ic pressure. Hence in V*
we are also dealing w’ith a velocity which is relatively
small as compared with the flow velocity “u. Comparison
with equation 2 shows, moreover, that

!%,,,..
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H-ence v*” is.of the order of :’mti”g-nituWeof :the mixing” ve-
locities ut and VI*

“..

,. .
i FLOW ALONG A ROUGH WALL
I

..”,I
..

. . . Frow our standpoint the flow along .a ~0.ug~ wall is
simpler than along a smooth wall, because the viscosity
plays a preponderant role in ,t,hela.tt,e.rcase, ,but not, in..
.t.heformer. It is tkerefore better to consider the f,lpw
along” a. rough wa”ll first . If k , is a length indicating
the roughness of the wall, it follows, from a simple, Si.rn-,
ilarity consideration on the basis of the ideal .flv.-id,
that the velocity distributions near the wall, with, geo-
metrically similar roughnesses, are also geometrically sim-
ilar; so that the size of the grain k furnishes the”.cri-
terion for it. The forrnnlated expression of this relations-
hip is that the velocity at t:hedistance y is a function
of the ratio y/k. If this velocity distribution is based
on equation 3, which, according to what has preceded, is at
least advisable for. the regions farther in the i~terior of
the fluid, it is found that the integration constant of e-
q,uation 3 = constant - ln”k.

A hitherto unpublished series of experiments by Niku-
radse with tubes of various diameters, which were given
different degrees of roughness by gluing to them sifted
sand with a suitable varnish, showed that t“he new constant
= 3.4 = in 30, k kcing the mean diameter of the grains
of sand used to produce the roughness. With l/K= 2,5,
we obtain the formula

By a shifting of the coordinates by the amount of k/30 ,
it is also possible to obtain u = O for y = 0.4 Xence,

;,.

u =“2.5 vxln
( )
1 +?~~ ,’

.
.—...-—————-——... ---—— --—- ———-—--.——=——-—,—---—..-— -—- —----- --—.———-—,——————.,
41t is still an open, though not very important question as
to the exact location of the axis of the coordinates between
the.protuberances of the r’ouglmoss. ‘

. .’.
. .,,, .

I
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or, if the natural logarithm is replaced by a common log-
arithm,

5.75 v*
30 y

u= log (1 + -k—) (5a)
;,-

Eqnations 5 and 5a therefore show a fixed relation between
the velocity distribution shearing-stress velocity, dis-
tan.c’e‘.f:romthe .wall.and the degree of roughness k. This
first holds good for the kinds of roughness used in the
experiments. . For other forms of surface roughness, more-
over, there is probably another number iristead of 30, also
dependent on the manner of defining the roughness scale.
Preparations for tests in this connection are being made
in G~titingen.

Equation 5 immediately affords us the opportunity to
check the above statement regarding the behavior of the

..ideal fluid. Represent the velocity at the distance y=h
by U = Ula With this assumption v* can be eliminated
-from equation 5a.

u
v+ = J.----——— ---— -..._—

.
5.’75”log ~)~+solc,

and consequently

(log ‘1i 30 :“)
u

Y
.-—- -..——---- —= u

= log+ + 30 kkj

(6)

The corresponding shearing stress is

pula
‘r=pv*z= -——————-—__.. -------

[ (“ 1
h~l 2,

(7)

33 1O’g 1 + 30 ~;.

from which it follows that the shearing stress is propor-
tional to the square of the flow velocity U1. The effect
of the roughness of the wall is likewise shown by equation
‘i’.

If we >a”s’sto the mathematically smooth wall, i.e.,
to k = O, then, according to equation 6, u = UI and
~=o for all values of y constant, as stated in the

.*..
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claps,ica,l,,hydrgdXnam.ics on the ideal. fluid. It is also
obvi”ou,s,,”tha”teven a,’subinicroscopic’ roughness. ,witn a k

L o!. th,%~o.rdbr.o,f.ma~n.itud.eof. the dianieter of an atom would
still ~h”ow”jcons”id,er,ab>edeviations, from the ideal behavior.
‘Our formulas. can. no.,.lon.gerbe used.,for such ceses. The ~
relation’i are here Considerably altered by the viscosity,
as mill be shown in what follows.

THE FLOW IN TUBES
,. ,, .,; ..’

... . ., ,,.

It is ari important discovery that, in a straight tube,
the relative.motion “of.the fluid particles at moderately
large Reynolds” Numbers depends on the fall in,pressu.re and
not ‘at all on the character of the”wall, so that therefore,
with constant fall in pressure, the velocity~distribution
curves in tubes of greater and less wall roughness ca”n be
‘brought into conformity by shifting along the velocity ax-
is (of course aside frc’)ma layer in immediate contact with
the w’all, where the velocity increase is naturally greater
on a smoother surface than on a rougher one) . This rela-
tion was discovered. by.Darcy (reference 14) 75 years ago
in his researches on resistance in pipes and was then em-
pilasized, but was subsequently forgotton. Fritsch:.dis-
qovered itranbw b~~ direct observation in his experiments
with rough’”channels at A,achen (reference 17).’ From our
standpoint this”discovery is identical with the fact that
the distri-bution of the mixing path along the inside of the
tube is practically, independent of the nature of the wall.
.In connection wi,th our earlier discoveries it is natural to
surmise that the formula

can be mri.tten far the mixing path, whe,,re y is the dis-
tance from the wall” and r the “radius of.the tube. Since
the distribution of the shearing stress aloilg the tube is
know”n”when the pressi~re” fall “~s given, the distribution of
1. can be verified by measuring the velooity distributioti
with the aid of equation 2. It is found th’at the above
statement is confirmed, at least for the higher Reynolds
Numbers. Figure 4 gives the result in nondimensional form
and consequently shows the course of the function fl . In
the ,func,tion fL(y/.r),~;.L is the,rnixing.,pa!h; .r,. radius
of tube; .y,.d.ietance from ,wall; and ,’k,...meam longitudinal
dimension of Pdughness. ,
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Conversely, on the, basis of this function and with
the” ai”d o’f.equa%ion 2, we”.can calculate du/dy, from
which,, by “a”riiritegration, an,“expression’ for the velocity
\ts.e,lfcan b? obtained.’ OtS the introduction of the shear-
ing stress velocity v* this expression takes”-the form

Uma~ - U ;Y)= v*f2i--, (8)

This equation, which wa”s fi:rst developed by Von Karman
(reference 12) , has also been experimentally confirmed,
as shown by figure 5, in which the test points are given
for smooth- tubes ‘aqd f,or various rough tubes. In function
f2(y/r), umax is the maximum flow velocity; u , f10,W.ve-
locity at.the point y;. V* , shearing.-,stress distribution ~

‘d%; ~,skie”aring stress; p, density.

“We can nfiw’pass’ from the velocity u at any distance
Y from the wa~l to the mean velocity il. We thus obtain
from eqliation 8 an expression of the form

%ax -G=V* X coefficient (3)

Ni@rad$ets G~ttingen experiments ”yielded 4.07as the val-
ue o.f“this coefficient. It was a piece of good luck that
our eq,uation 3 or the special form for a rough wall (equa-
tion 5) yieldeds, up to the mid?.le of th& tube, a useful
approximating for the function f2(y/r),’namely~ ‘
-.....———————————-—-.—-————-—-..--.-———— -—-.--———--- .-.--.--..———-—_
SFor tiore accurate calculation-s, a small supplementary terr:
would- have to be added, which will be incluclcd later, at’
least in the final result.

~Darcy (reference 14) deduces from his experiments

J_A). th
( i is” the ~Lra&.ient and therefore = - go dx’ e meter is

the unit of length]. This equation can be put in the f“orm
of equation 8 and thus becomes

whi”ch, with the e.xceptioti of the wall vicinity where Darcy
made no “meas~.i~ements, a{;rees very well with nodern results
(fig. ~). i“.
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,,
f {~ ,)= 2.5 in Z = 5.75 log ; (lo)... . . 2[r i”:,... .Y “ “k..- ., ..,, .:,.... .. ,4. ,., ,.. .. .. . : .,.

We now have “all that is.needed to”.”c~lculate the”’r”e,s-is-t”ance
of”‘a rough “tube for a given, quantity.

I We “will fir8t “write
, the customary expression for the drag coefficient h:

(11)

. . . ! “,

From fhe~equil”ihrium of a water cylinder of “radius r =. d/2,
we obtain’, for the shear ing. stress To of the wall, ,the
expression. .; ,.

-n#::.= 21Tr7

and accordingly

dp .22= 2 0 V*2——--———
‘i=r

(12)
r

Tli’ecomparison of equations. .11 and 12 yields, with the
‘tube diameter ‘d.=.’2 ~,

. .
(13)
●

By the use of equation 5a at the middle of the tube .(Y = r)
we obtain, when, under the logarithm, .we disregard 1 in
comparison with the very great value 30 r/k and put log
30 = 1.47”7,

‘max

On the other hand,
. . .

ii = Umax -

Taking equation 13

.,.
A = !“–zi2= ————-G —-

= v*(5c75 log ;+ 8.5)
.,,

(i4)

according to equation 9
:’ . . .

4.07 V*’= V*(5.75 log : +’4.43)
k

into consideration, we now have

8< 1.—————-—---.——.z, .- _____,_________ (15)
-<” . .
u- ‘ ..(,5.7’5.log ; + 4:.43)= (2.0 log..,. .,. .

This is,””v”erj”well confirmed by experiment,
... s“light.differenc”e “that 1~74 is better.,than,.... . ,,. ,....’ .;.’, .,-

I + 1.57)2
k

,’wit,honly the
1,.57.in,the de-
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nominator. Th”isdifference: is. connect-e-d with” the ‘sup-
pressed auxiliary term in equa’$ion”10., The experimental
confirmation of the formula is best accomplished by plot-

., ting l/&against log r/k. According to” the foregoing
.,...-, ..’.,..

l/lJA. 2.0 log ; + 1.’’7-4” (16)

The plotting must therefore yield a straight line. l?igure
b shows this line for six rou~h tubes according to measure-
ments by Nikuradse- (See also figure 9. ) The general form
of” equation 14,” as likewise an equation analogous to. equa-
tion 16 for a coefficient of resistance based on
first developed by Von Karman.

‘am T’ ‘Jas
?He also made the rec llin-

ear graph.

Effect of Viscosity (smooth tube)

It has already been mentioned that the effect of vis-
cosity is.”greater when the. roughness. is less,” but of course
only oa the boundary-layer pheziomena. The ro’ugh places are
here more or less covered by a slower-moving layer of flui&
and are thus rendered ineffective as reg’ards resistance.
Progress can also he made here with a dimensional consider-
ation. The. shearing stress is responsible for what takes
place on the wall and consequently the velocity v*. based
on this shearing stress, and also the criterion of roughn-
ess k. A wall characteristic v*k/ u can be developed
from these two with the kinematic viscosity by analogy with
the Reynolds Number. Since, with fixed v*, the state of
flow in the interior remains unaltered, the only remaining
problem is to adapt the integration constant of equation 3
to the new relations, This is accomplished by introducing
a modified roughness criterion,

kl
(V* k)

= k fa[-~--,

instead of k, into equations 5 to 7 and 14 to 16. Regard=
ing the course of the function fg, it follows from the

foregoing that it mu.et be equal to 1 for large values of
the wall characteristic, in “o-rder“to restore the previous
relations. An immediate conclusion can, however, be drawn
.as to what form the’ function f3 must assume for small
values of .v* k/V . The obser~ations show that, for slight
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but; s’till appreciabl e”.z!oughness,. the rough, tube” doei’~not ~
diffei ~rae~~cally fcom a.perfectly smooth tube, provided
thblRe”yfialds:.~lJurober-:is:not unusually high. Such.a condi-
t’ion.’.igo%taided ’when .“..s .

, .. .. ‘. .
Sine’i..’.k IS thus removed-from the foregoing formulas and.

is replaced by coefficient X“-~-~ The experiments confirm ~-.
“*

this result and: show, with respect to the coefficient
which leaves the dimensional consideration still open,
that our Frevious value of k/30 must be replaced by
v/9 V*. Instead of equation 5a, we now obtain the formula
for the velocity .di.stri.bution in the tube

..

U=V* (5.75 log ‘L..J: -t 5.5) (17)

On plotting u/v* against log v*Y/v , we obtain a straight
line which must contain all thep.ai.nts near the wall for
the velocity profiles of all smooth pipes. An excpption is
fo~med only by the values at very sttill nondimensional dis-
tances from the wall V*YIV v at which the turbulence is
still affected by the viscosity. Up to the-previously. J.
mentioned sup~lemcntary function, equation 1.7 is also valid
to the .mid.dleof the tube. The experimental points in fig-
ure 7 actually contain not only the parts near the wall,

.

but extend almost to the middle of” the tube. One can there-
fore note small systematic deviations from the straight
line, which of course have to be considered in a more ac-
curate theory (reference 18}.;

I

For comparison figure 7 also shows, by. a dash line,
the velocity-distribution. law

1/7
u—= 8.7&~> . (i8)
V* :. v)

.“.: “. . . . .

LIas determined on theypa~is of the Bias.ius formula for t’he
.frictiion’of the tubp.~;,~It..is-found t}iat, in a central re-
“gion f,~~ yhich.alone .data”were forine~ly available, it prac-
tidill’y cointid~s “~;th the stfaf~ht~~ine of equatioti 17, “
Iut deviat&s’ considerably abovcJ and bel’ow this region. In
fact it was long since discovered that, at hi&her7 Reynolds

:...-
.. , ,,... . ..’-. 2-. . J’”

.-..
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Numbers, the seventh root is replaced by the eighth-and
ninth. roots, .etc..i.The reason foi tliis.-%ehe~vioris mani-
fest, ‘since the: law of the seventh root tie-w.appears to b-e

, only an- approximation formula for the real law, Which id
represented, b;~ equation 17, .svh.ereby“the particular numeri-
cal values of the approximation formula naturally still
depend on the region in Whicri they should agree with,the
accurate foruula7F.

I’or-the coefficient of resistance, ye obtain from
e’qudt~~”on’16 by” the s’ame ‘modification.

. - .“

..

,~’..
“i - v.”r

= 2“.0 log ~— + 0.5 ,“
. .

% -v
,.”

. . . . . . . .
Taking equation 13in%o consideration, we can put

v*~= G-r-
— —-
V v

With ;’d~v = Re, we
. .

1;ir “=

obtain. .

2.o 3.og (Rei/z) “- 1.0
. . .

,.

. (1;)

T~i.s,formula was verified .experimentally be Nikuradse .
(reference 20) up-to-the Reynolds Number 3.4 X 106. It
must .3c changed only by ‘the consideration of the previously
mentioned supplementary function’of the numerical value ‘“

. from - 1.0 tO - 0.8. The final formula for the ‘resistance
.coefficient. is then . .

... . .

l/..X- = ‘2,0 log.(Refi) - “0.8 (’20)

The calculation ‘of the;resistance coefficient corresponding
to any given value of Reynolds Numbeti encounters no partic-
ular difficulties, although ~i~ occurs once more on the
right s~d.e. One can, for’example,’ assume provision~ly any
‘value for J—A- on the right side and calculate 1 ~/h and
then repeat the process, if the discrepancy is too great.
In.figure 8 the course of h is”plotted with respect toRe
according to equation 20 together “with-the experimental val-.——-- .-__—-- ——.—-——————————.—— ...——— —-—————---— -----
?BeJow. ~.og v*Y/.v=.:29 the ,straight line of “equa.t’ion.17
shows appreciable deviations from the, teat points. ThiA 1s
due,’to the” influenc-e of.the viscosity. If the smallest Su-
psrcritical ‘Reynolds Nlimbers are disregarded, this deviation “
occurs only in a very thin layer nea~ the wall of the tube.

,.. >,..,-. ..’.- ‘.. :’.. ;. .......’-: :.. ..:. . ....”. ,,, .“.}:. .’”. ..- ‘.. ‘<.: .. . -, ?,<.. .“ . , ,,. ..”, . :.., -5 ‘, . ~:, .
.,, ..

-.
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ues. By especial ly” good luck this” formula agrees with th”e
““e“x~o~’tments down to the smallest snpercritical Reynolds
Numbers.

.-.,.,,.. .... .

We now turn once more to the general problem of the
rough tube. On the basis of measurements ly ~?ikuradse
(now being prepared for publication) the course of the re-
sistance coefficient is plotted in figure 9 against the
Reynolds Number for tubes of different relative roughness
k/r . The curves in figure 9 are based. on experiments with
tlzbes of well-defined roughness produced by gluing grains
of sand of definite and different sizes (k) to the inside
of tubes. The conditions to the left of the critical Rey-
n~lds Number represent the laminar condition of smooth
flow. It is evident that there is here very little differ-
ence between the smooth and rough tubes. The curves “di-
verge greatly, however, as soon as the turbulence begins,
i.e. a-bov’e RecritC The curves for the lesser roughness
first follow the curve for the smooth tube and then sepa-
rate from t-ne latter in order.

The foregoing considerations indicate a way’ to find
a law for the turbulent portion. We will take the wall
characteristic v*lc/~ or its logarithm as the tibscissa and.
a quantity which is constant according to the lams of the
fully developed roughness flow as the ordinate. For exam-
ple, we can take the quantity

.. or. if we want the corresponding law for the velocity’ dis-
tribution, the quantity

:.’,!:

u
,, T* 5.75 log

The plotting of thetie’two qu-antities on the ba,sis of the
experimental results brings’ in fact thetes.t points meas-
ured with very different roughnbssea ap’pro”ximately on. a
single curves The two cnrves agree with each oth~r upto
the scale corresponding to the relations here represented.

~~The whole problem thus, fi~.ds.a, very comprehensive solution
on the basis of combining a few-experimental values with
theoretical conclusions. What remains to be done is to
find the curves for other forms of roughness in addition to
the curve of figure 10, which we, ilawe thus far determined...
only for the special sandpaper form of roughness. Prepara-
tions are now being made for such experiments.
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..-(,.. . . . . APPLICATION .TO.,OTHER .CASES .,,.. ...
6.,.

,.
.. .. ,,, ,., .

Plate Resistance - Accelerated and’ Reiarde~”l?lows .~:

....:, .: ... . .-,’., ,. .,:,

.,:,,~rorn”the behavior qf the flow in ,iube.s; when the
.,.Ela~ius,law.Of re~istanc+’..

,.,.. .. ,,. . .. _l/4
,.,... .’. ‘..”!”.”, “.. .“

h’ = 0;316 “~%!) ,“’ ,“; ....,..
.‘.:.,....“, . .. ,..

“dominated the field; conclusions had alreadybeen dr”awti
‘“-,f~g~rd~ng” ~he frictional ~dsistance”’of plates subjected

to flo~~along their 6urface ’(,references””15 and 16). Ac-
~~cording to the momentum theory, ‘the de~rease in them”o-”’
m’eriturn’”of”’theflow due to “the friction”was “represented
by’”a:formula’in ‘terms of the expo~6d length of tlieplate
in ‘ace’ord’with the laws for the velocity distribtiti’oni”
‘Thi~ decrease in momentum per unitlengtha long the plate
was expressed as equal to the frictitinal force per unit’

The resulting formula for the coefficient oflength.
frictional’ resistian.ce” Cf (rdsisttinced iviildd by the sur-
f~ce,,area and :dynamic”pressure] , > “: ‘

.. .: .. . “.,“
,,, .

. . . . -1/5, .!.::..

. .. ,. ““();074 p–l? .: .. “.,,,, .:,(?.1),. ‘f = ,\,”u )“

(1= length of plate, v = v,el,ocity of plate), showed simi-
lar discrepancies, “in comparison with the experimental re-
sults, to those shown in the resistance of tubes. The ob-
.:vious thing to do.now.was to apply the ,improvedlaw of tubu-
lar flow also to plates. The calc,ulatiogs”are here”rather
troublesome. They were first made hy Von Karman (references
13 and 21). A new calculation in a somewhat different way
was made by the writer(reference -18.), who compiled a nu-
merical table the values of which agree very satisfactorily
with Kempf!.s measurements. The values in the table were
obtained,by the following approximation formula of H. ‘.
Schlicht.ing, w hich ,th~ugh. it is only an interpo~ation ~tir-
mu.la,..cz?.a.be ●sed”throughout the whole prac~ical.region of
turbulent. flow. .,

0.455 ‘“-.-.-—.---—.~
-Cf= ‘

. (22).’
Vlyz.ia,. (log :; ,,

\.. .- Y ““ ,

.,,-
FOT the, rough plate, ‘a corresponcl~ngc alcillat ion vas ,mtide. . . . .,

,. . .. .,, .. .. . .,, .. . ,,, ,,
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on the basis of the law of roughness represented in figure
1.41:(reference 1’3). ““

,,,
.. ,. .,.,!‘.,“

The be~avior’ of the’:~ur”bi~lentfriction layer in an ac-
c:el.e,ra.tedor retarded flow is:of greater importance. An

.:,,5xxF:v.r!tantspecial case, the flow- in “a widened or narrowed
cha.nfi&lwi:th flat Side walls~””was investigated by D&nch for
air~(,refer.efi’be:22’)and by ~ikutia~se for water (reference
2~”)”i”..Eur:ils:wdik at Zurich sho’.vlabe metiontid h,ere, as al-
so ’Cuno!s””.experime”hts on an airpl”lnlsw~.ng“at Hap:nov’er’(ref-
.erenc.e2;7)A, :’: , :...,. ,“

Ruri rind.Gruschwitz have now made, in somewhat differ-
ent me.nner~:.the.very important attempt to”’dbv”elop purely
mathemati.cal,methoda for calculating the c’ourse .of th~ phe-
nomelia in the. fridtiona.1 layer. Burils method is simpler,
:mhilc that of”.Gruschwitz is more complete. Lack of space
forbids. further consideration here of these rather compli-
cated calculations: With these methods it is possible to
predict the conrse of the frictional 12yer for any given
pressure distribution and, under some circumstances, even
to make the:important determination as to whether this flow
will adhere to the wall, as assumed, or will separate at
some poirit. “A further atteript is now being made to predict
in this way the actual characteristics of an airplane wing
including the -profile drag and maximum lift. Should the
results show a satisfactory agreement with experimental re-
sults, this method would constitute a very considerable ad-
vance.

,. ..
TURTHER PROBLEMS

The investi.ga.tion of currents in strongly curved
channels (references 30 and 31) sb-ows that, aside from t:he
!Iaecandary currents’) oz the side walls as already described
by earlier writers , even the real nature of the turbulence
is here substantially altered. The two kinds of phenomena
are related in that the faster portions of tk.e fluid along
the curved mall develop stronger centrifugal forces than
the slower portions. The faster portions therefore t,end.’to
displace the slower portio~ on the ou,tier,~al’l.~,11.ow.e,Ve&,:
since the”portions in immed’iat”e contact with, the’”wall are
continually retarded by friction, a materially accelerated
exchange is produced on the outer side of the channel by
the displacement of these retarded portions. On the con-
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trary the””slower’”portion”s” tend “toward.””’tlieinner side and. ,,
the exchange is considerably retarded’. .

.:. . .. . ..: .
. The. phenomena. arg: very similar t:o those in the flow

of a fluid over. a he”ated or .coo~ed”’bott’om”’su~face. In,... ,,:,.
the” forme’r caee -the heated and simultaneously’ retarded.
portions tend to r..ise”f“fom‘“the:bq”tito”m,“whjle in the, latter”
ca.sc.thq.cooled,p,or..tions., because of their’ ‘gkeat,e,r,..d,ensity,,
tend to :r.e.rnainnear the ?)ottorn‘(references .11 and ’32), so
that the turbulent fr”iction -is increased in. the:.f.ormer ~~
case and decreased in the latter case. Since both groups, .“
of ph~tiomena have been or are being investigated in G~t -
tinge n;:fmumerical expiessioris for these influences may be
expected. ...

,.

Another important kind bf phenomena is involved. in
the’ turbulent spreading of fluid jets and the wakes of mov-
ing’ bodies. The outer portions of a jet e.merging.,e.g.
from a larger orifice (nozzle, etc.) are-very unstable and
develop. into a more or less irre~ular vortex system. Ilven
f’or this kind of..phenometia, “the conception af the mixing .’
path held good, and i“twas possible”, with the aid of the
simple assumption. -th’at.”t-hemix”ing”path in.a’ croa.s section
is “constant -a,adproportional to the ~idth ‘of..themixing .
zone”“at that point, to predict the” form of the mixing zone
and.the veloci:ty,,distribut ion in it ina very s“atisfactor~
‘manner, whereby only the ratio of the mixing path to the
mixing zone had to be taken from” the experiments (refer-
ences 9, 10, 28, 29, 36).

The heat exchange is, quite closely related to the
t-arbulent velocity exchauge. Insof~r”’as it concerns the
flow along a wall, as shown by the experiments of l?lias
(reference 33), the exchange factor has exactly the same
value, so, that the curvd of the: temperature distribution
ag”rees with the veloci”ty,,distrilnition. For the .ph.qn.o,mena
‘in the wake of ..moving bodies, Taylor (reference 34) ,ha”s’
recently shown that .here”the h-eat exchange is twice as ‘“
great as the velocity ~xchatige, so that the temperature ~
and.velocity curves differ a~preciablye. Ta.ylor could als~

. .-—————— -—-— -—-— -+——_-—-——---=_—--—_——_—----_--—————.._—_
‘Taylor demonstrates that in this case the’rotational force
of the main motion is exchanged in the. same manner as the

;:,h.pa.t$The exchange factor is, pt~(d.u/d~); the rotational
f“orce”’’i”ri,”’@arallel’mot ion, h.owever, is.fl.,d”u~dy; and the f’all
of t%’e rtituat’ionalstrength’ in tie d.irec.tio.~j”y“:“is there-
fore dzu/dF~’i Ta~ior shows that then .,

(Concluded at bottom of Fage 23) , ‘
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a=. . shoy that tk.eoretically the former condition (like form. of
these curves) is “to be expected when the vortex axes of
the interference motion are parallel to tilcjstreamlines of
the main motion, but the, latter (unlike) when they are per-
pendicular to them. The unpublished G~ttingen ~xperiments
of P. Ruden show that the Taylor law of exchange is also
valid for the spreading of jets.

It follows therefore that, on closer inspection, there
are t~o kinds of turbulence to be distinguished, which dif-
fer in their nature. We may call one ltwall turbl~.lence’tand
the other “jet turbulence.11 In the former (according to
Elias) the vortices parallel to the streamlines obviously
predominate. This rather important discovery will perhaps
once more indicate the way to a real theory of the plienomeua.
So long as this is not discovered, we must be staisfied with
half-empirical considerations of the kind here described.

Translation by Dwight M. Miner,
National Advisory Committee
for Aeronautics.

—————.———————..-——-———.-. .—.-——- .-.-.- ... ..—--- ..-———-..-———————...-——————-

aT_--— — p t?<~ h which can be integrated to
~Y dy dyz . .. . .
Tz:&Zplz ‘Q.ll)zfor

.( dy ;
~ constant in a cross section. The

&factor z in this formula differentiates it from our equa-
tion 2.



,,. . ,... . . . . . . ... ..!:

24 “ NiA. Ci’A. Thchriical Memorandum.No. 720
.t...”... . ..’ .,.-< ....

. .’

REFERENCES ““ , :

I. Summary of Older Publications

1. IToether, F.: !Turbulenzproblem. Z.f.a.M.M,, vol. 1,
1921, p.125; SUp., p. 218. ,....,,

II. Production of, Turbulence

2. Prandtl~ L.: Ilemerk. ~ber Entstehung der Turbulenz,
Z.f.a.M.hf., vol. ~, 1921, p- 431; Physik.Z., vol.
23, 1922, p- 19,

3. Tietjens, O.: Beitr. {her Entstehung der Turbulenz.
Diss. Gottingen, 1922. Abstract Z.f.aiM.M., vol. 5,
1925, pm 200.

4. Tollmien, IT.: The Production of Turbulence. T.M. Noo
609, N.A.C.A., 19310

5. Prandtl, L.: Entstohung der Turbulenz, Z.f.a.M.M.,
vol. 11, 1931, p. 407.

6. Schlichting, H.: Entstehung der Turbulenz }n einem ro-
tierenden Zyliader. Nachr. Ges. Wiss. Gottingen,
1932, p, 1600

7. Schlichting, H.: Stabilitat der Couette-Str8mung.
Ann. d. Physik, vol. ~4, 1932, p. 905. (See also
references 35 and 36.)

III. Developed Turbulence

8. Prandtl, L.: Uiltersuchungen zur ausgebildeten Turbu-
lenz . Z.f.a.M.M. , vol. 5, 1925, p. 136.

9. Prandtl, L.: Neuere Turbulenzforschung. Hydraul.
Probleme, Berlin, 1926.

,.,,. . f ,..,

10. Prandtl, L.: ‘“”Turbulerit I?low. ‘T*M. No. 435,” NOA.C*A*,
1.927e

11. Prandtl, L.: On the Role of Turbulence in Technical
Hydrodynamics . ?roc. World Engineeriilg Congress,
Tokyo , 1929, VO1O 5, (Tokyo), 1931, p. 495a



~-.A.C .A. .TGchnical Memorandum 3?0. 720-. 25

12. Von Karnan, Th. : Mechanical Similitude and Turbulence,E= .
‘-T;~t~ No. 611, ?.?.A,C.A., 1931.

13. Von Karnan, TL.: Vechanische Ahlichkeit und Turbu-
lenz . Proceedii~gs of the Third International C!on-
gress for Applied. Mechanics, Stockholm, 1930; vol.
1, (Stockholm) , 1931, p. 85.

IV. Tubes and Plates

14. I)arcy, H.: Recherches experimentales relatives au
uouvement de lleau d.ans les tuyaux. Mere. Savants
etrangers, vol. 15, 1858, p. 141.

3.5 ● ‘T{jliKaruan$ Th.s Laninare unt tv.rbulellte Reibungo
Z.f.a.X.H., vol. 1, 1921, p. 233.

17. Fritsch, W.: Eii~fluss der Wandra-,~hi~kcit auf dic tur-
b-alente Scschwindiglceit svcrt eilung in Rinnen.
Z.f.:ioi:....,1.,VO1’. 8, 1928, ~. 199.

18. Prandtl, L.: Zur turbulenten Strbmung in Rohren und
15, ilt~S Platt en. Ergcbn. Aerodyn.. Vers.-Axst. Gbtti:.lg-
en, Hcport I?o. 4, :;fi.l~clic?n-?3erlin,1932, p. 18.

19. Prandtl, L.: Discussion zum “Rei”bungswiderstand .“ &-
dromeclmn. Frohleme des ScY.iffsantriebs . Published
ky G. Kcmpf anti E. Foerster, Hamburg, 1932, p. 87.

~(). i~j.~uradse, Jo: Gesetzm~ssigkeiten der turbulenten
Strbmung in glatten Hohren. VD1-Forschu~gsheft 356,
Berlin, i932.

21. v~n Karman,. Th. : Theori.e des Reibungswiderstandes .
IIydromechan. l?robleme des Schiffsantriebsi Published
by G. Kempf and E. Fo”erster, Hamburg, 1932, p. 50.
(See also references 12, 13, 37, and 38. )

V. Other Problems

22. D~nch, l?.: fiivergente und lconvergente tv.rbuiente Str8-
uungen mit kleinen bffnungswinkeln. Diss. Gbttingen
1925; VDI-l?orschungsheft 282, 3erlin, 1926.

— c



26 fi,~O’c,Ao Technical Memorandum No. 720

“’23.Nikuradse, J.: Str~rnung des Wassers in kotivergenten
und divergent en I-Can&l en. VDI-Forschungsheft 289,
.3erliil,,.1929 .

. . . . .,
24,. Gruschwitz, E.: Die tur-buiente Reibungsschic3t bei
.. Druck~~~fall vnd Druckanstieg, D’is~, Gtittingen 1931;

Inu .-Arch., vol. 2, 193:.; p. 321:

25. Buri, A.: Berechnungsgm.ndlage f~jr die turlmlente
Grenzschicht bei beschleu.nigl.er und verzggerter
~rng.ds~rgmun,g. I)iss. Ztrich, 1931.

26. i!il”likan, C. 3.’: The l?oundary Layer and Skin Friction
for a Figure of Revolution. Trans. A.S.ll.E. , Ap-
plied Mechanics, vol. 54, no. 2, 1932, p. 29.

27. Curio, o.: 13xperimental determination of the ‘Thickness
of the Zoun.dary Layer Along a ‘flingSection. T.?l.
;;o, 679, N.A.C.A. , 1332.

28. Tollmien, W.: Berechnun[; turbulenter Aus3reitungsvor-
g~nge, Z.f.a.11.11., vol.. 5, 1925, p. 468.

29. Schlichting, H.: Das e>ene Win.dschattenproblern. i)iss.
Gbttingen, 1S30, In~.-Arcli. VO1. 1, 1930, p. 533.

30. Betz, A.: Turlulente Reibungsschichten an &ekrfimmten
l?~.n’dei~,Vortr&ge A&rodynamik u.. verwandte Getiete,
(Aachen 1529) ... Published hy A. Gilles, L. HoFf, and
Th. Vo Karinan, Berlin, 1930, p. 10.

31. Tilcken, H. : Turbnlente Grenzschichten an ge~~lbten
Fl&chen. Dis,s. G~tt’inGen 1929, Ing.-Arch. , vol. 1,
1930, p. 357.

32. Prandtl, ~J.s Rffeat of Stabilizing Forces on Turbu-
lence. T.M. NO. 625, N.A.C.A. , 1931.

33. Elias,, F.: The Transference of Heat from a Hot Plate
to ail Air Stream. Tell. No. 614, N..A.C.A., 1931.

34. Taylor, G, I.: The Transport of Vorticity and Iieat
through Fluids in Turbulent Motion, with appendix
by A. Fage andV. E. Fal@er*, ‘Proc. Roy. Sot, London
(A), VO1. 1J~5, 1932, P;~; 6S~~, 7020

‘,,



N.A.C.A. Technical Memorandum No. ’720 27

VI. Recent Comprehensive Publics.ti.ons

k-a. ...35. Hopfo L*: Z&he- Flussigkeiten. i5andb. Physik, vol. 7,
~, P“ 91, published by H. Geiger and K. Scheel, T3erlin,~.

!“.
1932.

[.,.
I 36. Tollmien, W.: Turbulence Stromu:figen. Iiandb, Experi-!..

mentalphysilc, vol. 4, Pt. 1, published by W. Wien,,
and F. Harms, with collahorati.on of H. Lenz, Leipzig,

1 1932,.

37. Schill,er L.: Strbmung ia Rohren. Vol. 4, Pt. 4, Handb.
published. by W. ?’fienand l?. Harris, Leipzig, 1932.

38* Eisner, l?.: Reibungswiderstaild. HYdroiTj~chan. Probleme
des Schiffsantriebsj putilished by G. Kempf and E.
Yoerster, Hamburg, 1932.



—

N.A.C.A. Technical L!emoradum No. 720

.
.-l

Velocity, u

Fi.Cgurel.-Velocity profile
point.

g
LI

‘H

L..._._—

With

—.4

1 4,—————.-—..-—-.—----.—_..—_-—-—-.—-.*
4———-—--.---——..——..—

FigS. 1,3,6

turning

f_._- .... --...3

—-—— .-. .——

~-- ?2’..—..—-..——.-----_-———.
“n T-mf=%-rs’m~,

Velocity, u

l?i~lre3.-Velocityprofile with turning
voint.

Fi.~re 6.-F.esistance curve for a rougl?.tube.



.,

N.A.C.A. TechnioalMenorandm No. 720 ~8e2,4,5,7

Figure 2.-Developxmnt of tur-
bulence from an in-

itial Ustuxb=ce.

Hgmw3 40-
Distrib
tion of
mixing
path In
ttibeat
lmge
Reynolds
Munbers.

—>

Figure 5...Course ~=-u in tube at large

Reynolds Nunbers.

Figure 7.-
:,=--.,.. . . ~elocity

distrilm-
tlon In a
~00 th
tube.

● anoo th
.-f-m
● .-m
● ..*
O.-#

9 . -X8

-+

a8 a8 1



.-. — .—

>.

I?.A.C.A. Tedmical Mmorandun No. 720

?7. , 1 I , I I .

T’TT-TT
‘I-—H—+—t—t—t+

,.

iTi I
‘ ‘ H-H ‘

,.. \/f ~ :

s

-.—.—-+ ;
I&’f’ -L I

11111111/! 1—.
-““i””–l I-t+

a ~

7 -
4 — —--- ---—- —d —

&@Wo. ~ Iiti6 I
5

4~ —L____&-
14.?0,. 3,4,,

. ,,, ,

Figs. 899,10

Figure 8.-Resistance in mooth tube according to eq.20 with test values.

,

-. .. .. ... ,

77

10

03

48

07

06

05

(?4

03

,% 28 30 31 34 .76 .?8 4,0 42 4,4 46 @ 50 &? 54 56 58 60

Figure 9.-Resistance coefficientsX of rough tubes.

Wwre 10.-Rou@ness fhnction.



4. .. ... ,.
,*

I

.

—.. ..———.——...


